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Abstract 

In this paper we construct an illustration of a space that expands via discrete expan- 
sion of its basic elements. We prove that in such an expanding space-time, the geodesies 
are curved and more precisely they fluctuate on the boundaries of the expanding basic 
elements. This induces a variable curvature of the space as well as a variable topology. 
The identification of the light geodesies in this expanding space-time leads to determine 
matter location; we prove that the variation of the space-time curvature is responsible for 
matter distribution at large scale and makes the geometry of the expanding space-time 
invisible. 
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1 Introduction 

Everything in our world is perceived through the intermediary of light despite its enigmatic 
nature. All our observations come from the interaction and reflection of light with matter. 
To provide a comprehensive understanding of the universe expansion and elucidate matter 
interaction and distribution with space-time expansion, it is helpful to model the observed 
expansion of the space-time. 

From observations we know that " all galaxies are receding from each other with a velocity 
proportional to their distance": this was the major valuable experimental information brought 
to our knowledge by E.P. Hubble in 1925 [lU|,|llj.|12j. which was incomprehensible since it 
provided a big contradiction with the interpretation of the recession velocity of faraway 
galaxies that could exceed the velocity of light. In 1927, G. Lemaitre [H] was the first who 
related the movement of galaxies to the space-time expansion: the whole space is stretched 
in all directions, which creates the space-time expansion, and then induces the recession 
movement of galaxies all around. The expansion is then responsible for matter distribution 
in our universe, and to discover matter distribution in an expanding space-time that fits 
observation, we need to determine the geodesies of light on it since it is known that a freely 
moving physical system follows the geodesies of the space that optimize its extremum. 
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Light follows the geodesies of the space that represent the shortest distance between two 
different points, and to observe how it crosses that variable geometry within a concrete model 
will provide the print of the geometry of the expanding space-time. The main difficulty resides 
in the nature the expansion of the space-time. How can it be modeled locally to provide a 
clear global picture that conveys observations, especially when the variation of the space- 
time curvature is not only from one point to another but within the same point? Do we 
need initial conditions to start with? The metric that expresses the line element between 
two nearby events at a given point of the space-time must be variable to express the global 
expansion of the space via its local expansion. 

An Euclidian space-time with zero curvature set of accumulated points without depth 
(the limit entity is called basic element) is taken as a starting stage of the modeled space- 
time. As the space-time expands via the expansion of its basic elements, the Euclidian 
space-time will expand via simultaneous expansion of its basic elements, that is to say points 
increase simultaneously their depth in all directions as balls. An infinite family of packed 
expanding balls is obtained that models the observed expansion in all directions. Taking 
into account the density of the space-time, other new basic elements with different sizes will 
expand in any interstice, which creates an Apollonian gasket of packed expanding balls with 
different sizes. The appearance of Apollonian gasket between any three packed basic elements 
creates the fractal character of the space-time and simulates locally the non homogeneity of 
the expanding space-time; meanwhile the simultaneous expansion of the primordial basic 
elements simulates the homogeneity and isotropy of the expanding space-time at large scale 
which is in concordance with the cosmological principles. In this kind of variable deformation 
of the space-time, due to the simultaneous expansion of its basic elements, it is not simple to 
set up equations that govern the geodesies on it, we have to observe and isolate fundamental 
characteristics from the modeled expanding space-time. 

Many investigations that concern packing of spheres on a space with constant curva- 
ture can be found in [l] , [5] , [6] , [9] , [l3] , ^ , [lej , [IT] , [23] , [M] , [SZj , [2^ without mentioning the 
references from physics and chemistry. However a geometrical definition of the space-time 
with variable curvature that conveys an expanding space-time via the expansion of its basic 
elements can be found in the fractal manifold model [I], [2]. 

In this paper we prove that in an expanding space-time the geodesies are curved by 
the expansion and more precisely they fluctuate on the boundaries of the expanding basic 
elements, which induces a variable curvature of the space, meanwhile the appearance of 
Apollonian gasket induces a variable topology. These variations model the distribution of 
matter at large scale and make the geometry invisible. 

The plan of this paper is as follow: in section 2, we define a discrete quantification that 
leads to an expanding space-time via the expansion of its basic elements, and we define a 
metric that incorporates that quantification. In section 3, we define the notion of contact 
between basic elements and we study their properties. We define the continuous curved paths 
that pass via the expanding basic elements, we study the geodesies and we give a concrete 
example of fractal geodesies. In section 4, we develop conclusions that concern the invisibility 
of the universe geometry, the variable curvature of the expanding space-time and its effect 
on matter distribution at large scale. 
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2 Expanding Space-Time and Metric 



2.1 Expansion Quantification 

Let us consider an euclidian space-time (the primordial space) as a starting stage of the 
modeled expanding space-time (set of accumulated dimensionless basic elements without 
depth). Let us suppose that this primordial space expands via the expansion of its basic 
elements by increasing their depth simultaneously in all directions as open balls. We denote 
this expanding space-time by A^. To simulate the evolution of the expanding space-time M 
we define a discrete expansion of M. via simultaneous expansion of its basic elements by using 
a quantified expansion indexed by > 0, where the primordial space is obtained for n = 
denoted by step(0), and as n increases the space-time M expands step by step to reach the 
present space-time at the step{n). The step expansion of the basic elements of the space-time 
M. is defined as follow: 

Definition 1 Let Pq be a primordial basic element of the expanding space-time M at the 
step{0), and Pn be its representation in M. at the step{n) for all n > 0. The expansion of 
the basic element Pn verifies: 

i) for all n > 0, Pn is approximated by an expanding open ball. 

a) for all n > 0, Pn C Pn+i- 

Hi) for all n> 0, any non empty subset Sn of Pn expands symmetrically in all directions 
into a subset Sn+i of Pn+i such that Sn C Sn+i ■ 

The increase of the distance between any two distant basic elements of the expanding 
space-time M is quantified step by step as follow: 

Definition 2 Let Pq and Qq be two distant primordial basic elements of the expanding space- 
time M. with distance Lq > 0. Let Pn and Qn be their respective representation at the step{n) 
for all n > 0. If the distance between Pn and Qn at the step{n) is equal to Ln for all n > 0, 
then 

Ln+l = ttn+l Ln, Vn > (1) 

where the sequence Oj satisfies the following conditions: 
i) for all i >0, > 1. 
a) ao = 1. 

Hi) for all i > 0, a^+i < Oj. 

n 

iv) the product TT is convergent (which gives lim Oi = 1). 

i=0 

We call Oi the i*'* step- expanding parameter and HiLo expanding parameter at the 

step{n), and we have: 

n+l 

L„+i = Lo(n«i)> Vn>0. (2) 

i=0 

Example 1 It is not difficult to see that the following sequence satisfies the conditions of the 
previous definition: 

1 + ^ /or z>0 
1 for i = 0. 
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2.2 The Space-Time Metric 



In this framework there is no concrete use of the metric, nevertheless we will give the metric 
that defines the distance between two space-time events in the expanding space-time Ai for 
better understanding of the formulation of the space-time expansion via discrete expansion 
of its basic elements from one step to another. The metric of the expanding space-time Ai 
is given at the step{n) by 

dal = g^jdy'dy^ i, j = 1, 2, 3, 4 (4) 

where the for i = 1,2,3,4, represent the curvilinear coordinates and where gij for i,j = 
1, 2, 3, 4, are symmetric functions of y*. If the coordinates are reduced to rectangular Cartesian 
coordinates, the only non zero coefficients of the metric are 

n 

gu = 922 = 933 = -Y[ai, 5(44 = +1. (5) 

j=0 

In the expanding space-time A4, the proper distance along a curve is measured for j = 
1, 2, 3 by ^ nr=o ^i) rather than Xj at the step{n), then in rectilinear coordinates the metric 
of A4 has a reduced expression at the step{n) given by 

dal = c^dt^ - ( n (dxj + dxl + dxl) Mn > 0. (6) 

Remark 11) For n = 0, the metric ^ gives 

dal = c^dt^ - (dxl + dxl + dxj) (7) 

which is the metric of a flat space-time that occurs at the step(O) since the primordial space- 
time was euclidian. 

2) In a complete universe and for all references, the geodesies are locally curves that 
minimize length, more precisely the geodesies are the extremum of the optimization 

6 da = 0, (8) 

Jzo 

where da'^ is the general metric of the considered space-time (line element). In a classical 
approach a freely moving body follows a geodesic of space-time that optimizes the extremum 
of (0j (which corresponds to the initial condition of movement). The classical approach to 
find the geodesies is only based on the use of the local metric. Nevertheless in this framework 
the geodesic of a freely moving body in the expanding space-time M will be studied and found 
using DefinitionU\ and Definition\M and ^3^. 

3 Expanding Space-Time and Geodesies 

Discovering matter distribution in an expanding space-time amounts to determine the 
geodesies of light in such an expanding space-time. 
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3.1 Contacts and Basic Elements in an Expanding Space-time 



Since the expanding space-time M expands via discrete expansion of its basic elements in 
all directions, and since these basic elements expand as packed balls, then we need to study 
contacts between different packed balls, boundaries, and continuous paths on spheres. For 
this study we will use a classical distance d to determine the distance between points or points 
and sets of points on those expanding balls and we introduce the following: 

Definition 3 Let Pn and Qn he two basic elements of the expanding space-time A4 at the 
step{n) for all n > 0. The basic elements Pn and Qn have a simple contact at the point Sn 
at the step{n) for all n > if: 

i) yn>0, P„nQ„ = 0. 

ii) \/n>0, d{sn,Pn) = and d{sn,Qn) = 0. 

Proposition 1 // Pn and Qn are two basic elements of the expanding space-time M with 
simple contact at the step{n) for all n > 0, then for all n > 0, d{Pn, Qn) = 0. 

Proof: Let P„ and Qn be two basic elements of the expanding space-time M with simple 
contact Sn at the step{n) for all n > 0. For all n > 0, for all x ^ Pn and y G Qn we have 

y) < d{x, Sn) + d{sn,y), 

then 

inf d{x,y) < inf d{x,Sn)+ inf d{sn,y), 

y&Qn y&Qn y&Qn 

which gives 

inf d{x, y) < d{x, s„) + d(s„, Qn), 

moreover 

inf inf d{x,y) < inf d{x,Sn)+ inf d{sn,Qn), 

then 

inf inf d{x, y) < s„) + d{sn, Qn)- 

Since Sn is the simple contact of the basic elements P„ and Qn, then 

inf inf d{x, y) < 

xePn yeQ 

which gives 

inf inf d{x, y) = 0, 
xePn yeQ 

that is to say d{Pn, Qn) = for all n > 0. 

Proposition 2 // Pn and Qn are two basic elements of the expanding space-time A4 with 
simple contact at the step{n) for all n > 0, then for all n > this simple contact is unique. 

Proof: Suppose that Pn and Qn are two basic elements of the expanding space-time Ai 
with two simple contacts Sn and t„ at the step{n) for all n > such that s„ ^ tn- Then 
for all n > 0, d{sn,Pn) = and d{tn,Pn) = by Definition [3l that is to say for all n > 0, 
infyep,^ d{sn,y) = and infygp^ y) = 0. 
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For all n > and for all y G P„, we have t„) < d{sni y) + d(y, in) then 

inf d{sn,tn) < inf (i(sn,y)+ inf d{y,tn) 
y&Pn y&Pn y&Pn 

that is to say 

d{sn,tn) < inf d{sn,y) + inf = 0, 

then s„ = tn, which gives the uniqueness of the simple contact for all n > 0. 

Definition 4 A continuous curved path Cn has a continuous contact with the basic element 
Pn at the step{n) for all n > if: 
i)PnnCn = 0, Vn>0 

a) For all n > there exists a closed connected subset X„ C C„, such that for all 
X G In, d{x,Pn) = 0. 

Definition 5 A continuous curved path Cn has a geodesic continuous contact with the basic 
element Pn at the step{n) for all n > if Cn has a continuous contact with the basic element 
Pn for all n > 0, where the closed connected subset I„ C C„ such that for all x G X„ 
d{x,Pn) = 0, is a geodesic arc on the boundary of Pn ■ 

Definition 6 Let Pn be a basic element of the expanding space-time Ai at the step{n) for 
all n > 0. A continuous curved path Cn passes via the basic elements Pn at the step{n) for 
all n > if Cn satisfies one of the following conditions: 
i)yn>0, CnnP„/0. 

a) Vn > 0, Cn has a continuous contact with Pn- 

Definition 7 Let Pn and Qn be two basic elements of the expanding space-time A4 with a 
simple contact at the step{n) for all n > 0. A continuous curved path Cn passes via the basic 
elements Pn and Qn with continuous contacts at the step{n) for all n > if the path Cn has 
a continuous contact Z„ with Pn and a continuous contact Jn with Qn such that Xn^Jn 7^ 0- 

Proposition 3 Let Pn and Qn be two basic elements of the expanding space-time A4 with 
a simple contact s„ at the step{n) for all n > 0. // Cn is a continuous curved path that 
passes via the basic elements Pn and Qn with continuous contact In and Jn respectively for 
all n > 0, then InV\ Jn = {sn} for all n > 0. 

Proof: To prove that X„ n J7n = {sn}, we have to prove that 

i) In^JnC {Sn} 

ii) {Sn} (Zln^ Jn- 

i) For all x £ InCi Jn and for all y G Pn, we have d{x, s„) < d{x, y) + d{y-, Sn) then 

inf d{x,Sn)< inf d{x,y) + inf d{y,Sn) 
y&Pn y&Pn y&Pn 

which gives 

d{x,Sn) < d{x,Pn) + d{Pn,Sn)- (9) 

Since for all x G In, d{x,Pn) = 0, and since s„ is a simple contact of P„ and Qn, then 
d{Pn, Sn) = 0, then the equation ([9]) gives 

d{x,Sn)<Q, (10) 
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which yields 

d{x,Sn) = X = Sn, (11) 

therefore In n J7n C {sn}- 

ii) Let X G X„, x' G J'n, y £ Pn and z € Qn- We have 



then 



which gives 



d{sn, x) < d{sn, y) + d{y, x) 
d{sn,x')< d{sn,z) + d{z,x'), 



infj/GPn d{sn, x) < mfy(zp„ d(sn,y) + infygp„ diy, x) 
inf^sQu d{sn,x') < inf^gQ„ d(s„, z) + inf^^Q^ x') 

) + d{Pn,x) 

I (i(s„,x')< d(s„,(5n) + c^(Qn,a;')- 



(12) 



(13) 



(14) 



Since s„ is the simple contact of P„ and Qn then d{sn, Pn) = and d{sn,Qn) = 0. 
Moreover d{Pn,x) = and d{Qn,x') = because I„ and ^„ are continuous contacts. The 
equation (fH|l gives then 

/ d(sn,2;) < . 
\ d{sn,x') <0, ^'^^ 

therefore 

f inf^g2„ (i(s„,x) = d{Sn,1n) = .^g. 
I infj,/gj-„ (i(Sn, x') = d{Sn, Jn) = 

which gives that Sn G In and € J7n because X„ and J'n are closed subsets of Cn- Then 
{sn} Cln <Jn, which Completes the proof of the property. 

Proposition 4 Let Qn be a basic element of the expanding space-time M. at the step{n) for 
all n > 0, and C a continuous path. If Qn fl C 7^ 0, then for all n > 0, Qn nC is an 
expanding subset of Qn- 

Proof: If Qnf^C 7^ then there exists a non empty set Sn such that Sn C Qn and 5„ C C. 
If Qn is expanding into Qn+i , then Sn is expanding into Sn+i C Qn+i (by Definition [T]) such 
that Sn C Sn+i, which concludes the proof. 

3.2 Geodesies of Light in an Expanding Space-Time 

More precisely let us consider a geodesic of light that passes from a source 5 to a point B in 
the expanding space-time A4. The light geodesic in the primordial space-time at the step{0) 
was a straight line between S and B (Remark [1]). Since the space-time is expanding through 
the simultaneous expansion of its basic elements, any point (dimensionless basic element 
without depth) of the space located between the source S and the end point B expands. 

Indeed, as the space-time expands through the expansion of its basic elements, all basic 
elements that constitute the light ray path of the line segment [SB] will expand as aligned 
balls with simple contacts. 

Assuming that the geodesies are one dimension continuous paths as the space-time ex- 
pands, we have the following results: 
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Theorem 1 The light geodesies between two distinct locations S and B in the expanding 
space-time M verifies the following: 

i) they are given by the straight line segment [SB] in the primordial space-time at the 
step{0). 

a) they pass via a family of aligned expanding basic elements, located between S and B, 
with geodesic continuous contacts at the step{n) for all n > 0. 

Proof: 

i) For n = 0, the expanding space-time A4 is flat with basic elements given by points, 
dimensionless dots without depth, and the geodesies are defined by straight fines (Remark[T]), 
that is to say that the fight geodesic between S and B is given by the straight fine segment 
[SB] at the step{0). 

ii) For n > 0, let us consider all the basic elements of the expanding space-time M that 
constitute the light ray path of the line segment [SB] at the step{0). As n increases, those 
basic elements expand as aligned balls with simple contact. To find the geodesic location of 
light between two distinct locations S and B, is sufficient to find the geodesic location via 
two expanding basic elements with simple contact at the step{n) for all n > 0. 

Let us consider a continuous curve 7„ , which represents the geodesic of light that passes 
from the location S to the location B via two basic elements P„ and Qn at the step{n) for 
all n > 0, and let us suppose that the basic elements P„ and Qn have a simple contact s„ 
at the step{n) for all n > 0. Let a and b be two antipodal points to Sn with respect to the 
boundary of P„ and Qn respectively (see FigH]). If the geodesic 7^ passes throughout P„ and 
Qn using the points a, Sn, and b, then 

7„ n P„ / and 7n n Q„ ^ 0. (17) 

Therefore there must exist two subsets Ci and C2 of 7„ such that Ci = 7 PI P„ and 
C2 = 7n n Qn ■ Since P„ and Qn expand in all direction as well as any subset of P„ and Qn , 
then by Proposition H] the subset Ci expands together with Pn (respectively C2 with Qn), 
which yields that 7^ is not anymore a curve since the subsets Ci and C2 of 7^ are expanding 
in all direction as the basic elements expand. 

Therefore the light geodesic 7„ must not cross any part of the basic elements P„ and Qn 
for all n > 0, which requires 

7„ n P„ = and 7n n = Vn > 0, (18) 

then by Definition [6] the geodesic 7„ passes via P„ and Qn with continuous contacts at the 
step{n). 

Since the light geodesic 7^ is the shortest continuous path that the light follows to pass 
via the basic elements P„ and Qn, through antipodal points a, Sn, and b, then there exists a 
geodesic arc between the antipodal points a and Sn on the closure P„ of the basic element 
Pn, as well as a geodesic arc between the antipodal points s„ and b on the closure Q„ of the 
basic element Qn, such that the geodesic 7^ is a geodesic continuous contact. 

That is to say for all n > there exist a closed connected subset In C 7n given by the 
geodesic on Pn (the smallest sphere that contains P„) between the antipodal points a and 
Sn, and a closed connected subset J'n C 7^ given by the geodesic on Q„ (the smallest sphere 
that contains Qn) between the antipodal points Sn and b at the step{n), such that 

Vx S In, d{x,Pn) = and Vx E J'n, d{x,Qn) = 0. (19) 
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with 



(20) 



as illustrated in Fig(TJ 



/I 



n 



a 




h 



J. 



n 



Figure 1: Illustration of a geodesic passing via two expanding basic elements Pn and Qn at the stepin). 

Then 7„ has a geodesic continuous contact with P„ and Qn at the step{n) for all n > 0. 
This leads to the conclusion that between the two locations S and B the light will follow a 
geodesic continuous contact with the family of all aligned expanding basic elements. 

Corollary 1 The expansion of the basic elements of the expanding space-time Ai bends the 
geodesies of the light. 

Proof: As direct consequence of the Theorem [H since the light follows a geodesic 7^ of the 
space-time at the step{n) for all n > 0, and that the space-time expands via the expansion 
of its basic elements, and since each geodesic continuous contact on each basic element (part 
of the geodesic 7„) is varying together with the variation of the curvature of the expanding 
spheres that contain the basic elements, then the expansion of the basic elements bends the 
geodesies of light. They were straight lines at the primordial space-time (at step{0)) and 
become curved geodesies as illustrated in Fig(T]with local variable curvature (the curvature 
of an expanding sphere varies as the radius varies). 

Corollary 2 In the expanding space-time Ai, the light geodesies fluctuate together with the 
space-time expansion, and are characterized by two directions: 

i) a geodesic global direction that defines the light direction from initial position to end 
position. 

a) a geodesic local direction that fluctuates via boundaries of expanding basic elements at 
the step{n) for all n > 0. 

Proof: i) The proof is straight forward from i) of Theorem [TJ 

ii) Using ii) of Theorem [H between any two basic elements Pn and Qn with a simple 
contact Sn for n > 0, the geodesies are continuous contacts that pass through the simple 



9 



contact Sn at the step{n), therefore the geodesies will fluctuate via the boundaries of the 
basic elements Pn and Q„ and their simple contact Sn for all n > 0. 

3.3 Example of Fractal Geodesies in the Expanding Space-Time 

The geodesies of light in the expanding space-time are given by piecewise differentiable paths 
that fluctuate via the boundaries of expanding basic elements (simulated by expanding balls), 
where the differentiable parts of the geodesies are identified to be the geodesies on spheres 
given by arc of great circles (see Fig(T]). These parts of geodesies can be illustrated in 2 
dimensions as follow: 

Let us consider aligned balls Bn,i(Cn,i, for i = 0, . . . , — 1 at the step{n) of the 

expanding space-time A4 for all n > 0, with centers given by Cn,i = (^(2i -|- l)r„,0^ for 

i = 0, . . . , N — 1 and radius given by r„ = 11^=0 where ri > is the radius of the 

balls at the step{l) (just at the beginning of the expanding space-time expansion, tq = at 
the step{0) because the basic elements are points without depth and dimensionless). 

The simple contacts of the A'^ aligned balls are given by the points (2ir„,0) for i = 
l...,N -1. 



y 




Figure la: Representation of a geodesic in 2D for A*" = 6 at the step{n). 



The geodesic in Fig. la. is the graph of the function ipn at the step{n) defined by: 

N-l 

^n{x) = gn,i{x) (21) 

where 

(\_\'fn,i{x) for X G [2ir„,2(i + l)r„] , , 

^"•^^^^"10 for x0[2ir„,2(i + l)r„] ^ > 



and 
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X 



ifnA^) = {-ly Jrl -(x~ (2z + l)rny 



(23) 



that verifies: 



for i = 0, . . . , — 1, the graph of (pn,i represents the geodesic between two antipodal 
points on the sphere of center Cn,i = ((2i + l)^^, and radius r„; 



• for i 


= 0,. 


.,iV- 


1, 




is continuous on the closed interval [2ir„, 2{i + l)r„]; 


• for i 


= 0,. 


.,iV- 


1, 




is differentiable on the open interval ]2ir„+i, 2(z + l)rn[; 


• for i 


= 0,. 


..,iV- 


1, 


'Pn,i 


is not differentiable at the points Xn,i = 2irn and Xn,i+i 



2{i + l)r„. 



,3r„_2 



n-2 , 



n-2 



S'tep(n - 2) 















f rn-\ 3rn-i 




-i \ 7r„_i 




5tep(n - 1) 


X 




3rn 


/ 5r„ ) 




Urn Step{n) 


X 



Figure lb: Fractal representation of the geodesic of light in 2D for A'' = 6. The geodesic presents 
different aspects at different steps of the space-time expansion (at the step{n), step{n — 1) and 
step{n — 2), the geodesic changes its form and length). The fractal character of the geodesic appears 
together with the space-time expansion (as n increases). 

As the basic elements expand in the expanding space-time (as n increases), the radius Vji 
increases, and then the points of non differentiability Xn,i = 2irn of ipn,i change according 
to the step{n) of the space-time expansion. The length Z)„ = 2r„ of the intervals of differ- 
entiability of (pn,i (which corresponds to the balls diameter at the step{n)) increases at each 
step of the space-time expansion. 

At the step{n) for n > 0, the geodesies in the expanding space-time that represent the 
shortest path between initial point and end point is given by a finite sum of piecewise dif- 
ferentiable geodesies on spheres together with the existence of discrete points of non differ- 
entiability Xn,i = 2irn for i = 0, . . . ,N. Those points of non differentiability are variable 
together with the space-time expansion. 
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Between the initial point (0,0) and the end point (2A^r„,0) there exists an infinity of 
geodesies in 3 dimensions (and two geodesies in 2 dimensions). However all the geodesies 
have the same length given by L„ = Nnr^ that varies together with the space-time expansion 
(see Fig. lb). 

At the step{0), the geodesies were straight lines of class C^, and as the space-time expands 
the geodesies lose their differentiability on a discrete set of points. This example leads to the 
following theorem: 

Theorem 2 If Ai is an expanding space-time that expands via discrete expansion of its basic 
elements, then 

i) the geodesies on Ai for all n > are sum of piecewise differentiahle functions where 
the differentiahle parts of the geodesies are great circle arcs; 

a) the geodesies on M. admit a countable number of points of non differentiability at the 
step{n) for all n > 0; 

Hi) for n = the geodesies on A4 do not admit any point of non differentiability. 

Proof: To prove i) and ii) we will use the geodesic in two dimensions at the step{n), for 
n > 0, introduced in the above example in the xy-plane by ([2T]) . Thanks to the geodesies 
between two antipodal points on spheres, we will rotate this geodesic around the x-axis 
between and 2tt to obtain all geodesies in three dimensions. 

Using aligned balls (see Fig. la) and the geodesic coordinates given by ([2T]) we have: 

{X = x 
y =Mx) (24) 
z =0 

In general a rotation around the x-axis with angle 9 is given by 

fx' = X 
y' = ycos9 — zsm.9 (25) 
z' = y sin 9 + z cos 9 

By rotating the geodesic around the x-axis with angle 9 G [0, 27r], we obtain 

x' = X 

y' =(pnix) cos 9 (26) 
z' = ipn{x) sin 9 

that provides all geodesies in three dimensions. Therefore for all n > the geodesies are sum 
of piecewise differentiahle functions where the differentiahle parts of the geodesies are great 
circle arcs, and these geodesies admit a countable number of points of non differentiability 
at the step{n). 

The proof of iii) is obvious since AA is an euclidian space at the step(O). 

Corollary 3 In an expanding space-time A4 that expands via discrete expansion of its basic 
elements, we have: 

i) for n > there exists an infinity of geodesies between two distant points at the step(n) 
and all the geodesies vary together with the space-time expansion; 

ii) for n = there exists a unique geodesic between two distant points. 
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Proof: i) Since the geodesies are given by ()26p for all 9 S [0, 27r], then for each value of 6 
we have a geodesic. Therefore there exists an infinity of geodesies between any two distant 
points in the expanding space-time A4 for n > 0, and all these geodesies vary together with 
the space-time expansion (see Fig. lb). 

ii) For n = the conclusion is obtained by using i) of Theorem [TJ 

4 Expansion and Matter Distribution 

4.1 Geodesies Location and Matter Distribution 

We know by Theorem [1] and Corollary [1] that in the expanding space-time A4, the geodesies 
of light are located on the surface of expanding basic elements as shown in Fig(TJ The 
Corollary [3] states that there exists an infinite number of geodesies that pass via expanding 
basic elements, and this is due to the existence of an infinite number of geodesies between two 
antipodal points on a given sphere. Since the basic elements of the expanding space-time A4 
expand in all direction as balls and since the light geodesies are located only on the surface 
of those expanding basic elements, then matter can be only located on the surface of those 
expanding basic elements as illustrated in the left picture of Figl21 

4.2 Invisibility in the Expanding Space-Time 

The geodesies of light are located on the surface of the expanding basic elements of the 
space-time A4. This means that the light will travel through expanding basic elements via 
geodesic continuous contacts that fluctuate on the boundary of the expanding basic elements, 
which makes the geometry of those expanding basic elements invisible as illustrated in the 
right picture of Figj2j The illusion to observe the information brought by light in a straight 
line was observed in cosmology for the first time in 1919 by Eddington and his team [S]. In 
general if the light is traveling in a given space-time following its curved geodesies, then the 
observer will have the illusion to interpret the location of the information brought by light 
in a straight line position (the location of a given galaxy for example). That is why in the 
expanding space-time M the curved geodesies of light cannot be observed, which makes the 
geometry of A4 invisible, and for any observer located in such expanding space-time, matter 
appears to be held with no visible pillars that one can observe. 

Remark 2 1) If three packed basic elements of the expanding space-time A4 expand, the 
density of the primordial space-time means that there is no holes between them, then other 
new balls with different sizes will appear to fill up the interstices. This induces the appearance 
of an Apollonian gasket between each three expanding basic elements that expand as illustrated 
in Figl^ and then we have appearance of new structures at different steps from the space-time 
expansion, which confirms the fractal character of the space-time geometry. 

2) The appearance of an Apollonian gasket between each three packed expanding basic 
elements creates locally a non homogeneity of the space-time, meanwhile the simultaneous 
expansion of the primordial basic elements (at the step{0)) of the space-time creates the 
homogeneity of the space-time at large scale as illustrated in 

3) The structure of space-time shape described by the expanding space-time A4 looks like 
the atomic structure of matter, and it seems not strange to find a similarity on the way they 
are packed to be stable. Matter is constituted by packed atoms, meanwhile in the expanding 
space-time A4, matter is holden by packed expanding balls. 
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Fi gurc 2: The left figure represents a portion of packed expanding basic elements at the present time (after 
15 billion years from the Big Bang (step(O))) where matter is illustrated as dots on their surface. Since the 
light geodesies are geodesic continuous contacts via those packed balls, then the right figure represents the 
same portion of packed expanding basic elements with matter and invisible geometry. Matter appears to be 
held in the expanding space-time with no visible pillars that one can see. 




Fi gure 3: The appearance of an Apollonian gasket between each three packed expanding basic elements 
gives the fractal character to the shape of the expanding space-time M.. Each Apollonian gasket is constituted 
with packed expanding balls with different sizes as illustrated here. 

4.3 Curvature and Topology of the Expanding Space-Time 

The picture of the expanding space-time M. conveys a very simple idea: the shape of the 
space-time is obtained via packed expanding balls with different sizes. The expansion of those 
packed balls creates the universe expansion, where locally the curvature can be obtained 
straight forward via the curvature of the expanding spheres with different sizes. Indeed, it is 
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known that the normal curvature of a sphere of radius R is everywhere and in ah direction 
given by the constant so that the Gaussian curvature is given by l/i?^, meanwhile the 
mean curvature is given by 2/R (see[7j p. 89). The curvatures (normal curvature, Gaussian 
curvature, and the mean curvature) of the sphere are functions of its radius, and if the radius 
varies the curvatures will vary too. This leads to the conclusion that the expanding space- 
time A4 has locally and globally a variable curvature. Globally at large scale (if we consider 
the radius of the primordial expanding basic elements at present time) the curvature will be 
approximatively close to zero since the primordial balls were expanding for 15 billion years 
(that is to say the radius of the primordial expanding basic elements is considered to be very 
large today), which indicates that the space-time is almost flat, meanwhile if we consider the 
measure of radius of balls from the Apollonian gasket that exists between each packed three 
primordial basic elements, we will find a variable curvature less than 1. 

This simulation of the expansion of the space-time via expansion of its basic elements 
takes into account the density of the space-time and leads to the appearance of other new 
basic elements, with different sizes in any interstice, that form Apollonian gaskets of packed 
expanding balls (see FigJS]). The appearance of Apollonian gaskets between any three packed 
basic elements makes the topology of this expanding space-time variable since this expansion 
creates holes. 

4.4 Conclusion 

This simulation allows to understand the expansion of a space-time generated by the expan- 
sion of its basic elements, and allows to figure out a concrete example of variable topology 
|22j . where the expansion of the space-time is modeled by deformations that create holes in 
a continuous process, which characterizes the expansion of the space-time by the variation of 
its topology. The determination of the geodesies in such an expanding space time provides an 
optimal location of matter distribution at large scale as well as the invisibility of its geometry. 
It should be noted that the existence of an infinity of geodesies between any two distant points 
in a fractal space-time was mentioned by Nottale in [19]. The notion of fractal space-time 
in Nottale's theory of scale relativity [H] , [19] , [20] was used without a mathematical char- 
acterization or construction of such a space, of its geometry, its topology and its dynamic 
(expansion or contraction). It should be noted also that a counterexample for the universe 
acceleration [^ that provides a different interpretation of the observed acceleration of the 
universe was extracted from this simulation and modeled to fit observational data. It pro- 
vides an expanding space-time that fits all observations from the supernovae (SNe) of type 
la ([2l],[25],[2lj), and contradicts the interpretation of the observed accelerating recession 
movement of matter as an indication for the universe acceleration. 
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